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The renormalisation constants for local bilinear quark operators are calculated using the Sheikholeslami-Wohlert 
improved action. In addition we compute the renormalisation constant of the leading gluon operator for different 
group representations and discuss the mixing of the operators E 2 and B 2 . 



1. INTRODUCTION 

Forward hadron matrix elements of bilinear 
quark and gluon operators, as they appear e.g. 
in the operator product expansion for the nu- 
cleon structure functions, have been calculated 
with some success on the lattice In order to 
extract the relevant physical information from the 
lattice matrix elements one has to renormalise the 
operators. This can be done perturbatively [|| ^| 
or non-perturbatively Both methods have 

their advantages and disadvantages. In this paper 
we present a one-loop calculation of the renor- 
malisation constants of some bilinear quark op- 
erators for improved Wilson fermions and of the 
gluon operator Tr F^pFp^. All calculations have 
been performed in the quenched approximation 
and for zero renormalised quark mass. 
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2. LOCAL QUARK OPERATORS 

Lattice calculations with Wilson fermions suf- 
fer from cut-off effects of 0(a), where a is the 
lattice spacing. By adding the local counterterm 

AS = ~ic sw ga 4 ^ -j-Vn <7 /«'- F n./^n (!) 

to the action, cut-off effects in on-shell quantities 
can be reduced to 0(a 2 ) || for a particular choice 
of c sw . 

In hadron matrix element calculations one has 
to improve the operators as well. This again can 
be achieved by adding certain counterterms. For 
a class of operators, in particular for the operators 
considered in this paper, the counterterms can be 
obtained by a rotation of the fermion fields 

nr < — rtf — > 

ip -> ip(l + c swr -j £>), ip -> (1 - c swr — D)tp, 

with c S wr to be determined properly. 

In lowest order perturbation theory c sw = 
Cswr = 1- A non-perturbative evaluation of c sw 



2 



was given in 0] . Throughout the rest of the paper 
we shall assume r = 1 

We consider the operators 

O = <ipTip 

with 

r = 1, 75, 1,1, 7^75, o» v 75- 

The renormalisation constants are generically de- 
fined by (for details see [§]) 



0(n) = Z (a f i,g)0(a), 
(q(p)\0(jj)\q(p)) = (q(p)\0(a)\q(p))\ 
They can be cast into the form 

'2 



(2) 



Zo = l- 



16tt 



: C F (lo ln(a/x) + Be 



C F = 



3' 



where j@ is the anomalous dimension and Bo 
is the finite part of the renormalisation constant. 
The definition (||) corresponds to the momentum 
subtraction scheme. 

Bq receives contributions from two different 
sources: the proper operator radiative corrections 
and the self-energy diagrams. We write accord- 
ingly 



B = B a roper + B 



self 

o ■ 



Using the procedure outlined in Q we obtain ^ 



-^proper 



6.100 - 19.172 c swr - 4.981 c swr ' 
9.987 c sw + 13.801 c swr c sw + 



0.017 c s 



SW 

288 c 2 c 2 



rjproper 
n 75 



TV 



2.177 c swl - c s ^ 
3.538 c swr c sw 
(-2 + 1E - F ) £, 
15.743 + 8.660 c swr 2 - 
5.715 

Cswr C sw ~r 3.433 
1.361 c swr c sw -\- 

(-2 + 1E - f ) e, 

8.765 - 9.786 c swr + 3.525 c swr 
2.497 c sw + 3.416 



2 The numbers are given here only to three decimal places 
but are known to more than ten places. 



rjprope 

7^75 



Cswr Csw 

+ 0.854 

Cswr C S w H~ 0.412 C S wr C sw 

■ IE - F ) f , 

19.372 Cg-m-]" 3.296 Cg-^^ ~ 
s;\v + 10.317 

Cswr C ; 



2 c _ n 854 r 2 — 
c 2 — f) 41 2 r 2 c 5 



1.973 
0.885 

(-H 
3.944 

2.497 

1.973 

0.885 

(-n 

4.166 
1.664 
0.590 
0.590 
(IE -F )£. 

Here £ is the gauge parameter (£ = for Feyn- 
man gauge, £ = 1 for Landau gauge) and Fq = 
4.369225. The self-energy contribution is 



Tjproper 



■ IE ~ F ) f , 

- 16.243 c swr - 0.461 c swr 2 - 
+ 6.855 

Cswr C S w T" 
Cswr Csw - 0.575 
c C 2 _ n 1 7Q c 2 c 2 



B 



self _ 



-0.381 



8ir 2 Z 



2.249 c sw - 1.397 c sw z + 

(1 - IE + F ) e, 

where Z = 0.154933. 

Since the Wilson coefficients are usually com- 
puted in the MS or MS scheme, one would like 
to know the renormalisation constants in these 
schemes too. The transformations between the 
different schemes are Q 

&o — Bo - £>o ) 



oMS nMS 



^-(lE - hi47r), 



where jo an d B on , the finite contribution of the 
continuum integrals to Bo, are given in the table 
below: 



o 


7o 




1, 75 


-6 


5+ ^c E -t 


7a» j 7^75 








CjUi/75 


2 


-l + ^c £ +£ 



Here eg = je — Ixi4tt. In the MS and in the 
MS scheme Bo is gauge independent, as one can 
easily see. 
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Our results for c sw = l,c swr = and c sw = 
c S wr = 1 agree with those of [jl0| and , respec- 
tively. 

3. GLUON OPERATOR 

Several information about the gluon content of 
the nucleon can be derived from the matrix ele- 
ment of the operator |12] 



O — TrF F 



(3) 



The renormalisation constants of certain irre- 
ducible representations of (||) have been given 
elsewhere p^-p^]. Here we are interested in the 
operators 

1 3 
Tr£ 2 = -Ou, TrB 2 = -(044 -^°»)> 

i=i 

where 

_ 1 

Ej — Fj4, Bi — —tijkFjk- 

It is clear from group theoretical arguments [|l6| 
that TrE 2 and TrB 2 mix under renormalisation. 
We write in symbolic form 

TrE 2 R = Zee Tr£ 2 + Z EB Tr5 2 
TvB 2 R = Z be TtE 2 + ZbbTtB 2 . 

In the quenched approximation all Z's are finite, 
i.e. have no logarithmic contributions. Symmetry 
arguments lead to the following relations: 

Zee = Zbb, Zeb = Zbe- 

Making use of some of the results of jl3| we obtain 
in the MS scheme 

Zee = Z BB = 1 + 0.123128g 2 
Zeb = Zbe = -0.096655g 2 . 

There is a combination of TrE 2 and Tr£> 2 
which belongs to an irreducible representation of 
the hypercubic group and does not mix: 

O b = 044-^(011 + 022 + 033) 



For the renormalisation constant of this operator 
we find 

Z 0b = l + 0.219783c/ 2 

which confirms numerically the relation between 
the Z's, 

Zo b = Zee — Zeb- 

The renormalization constant Zo b should be com- 
pared with the renormalisation constant of the 
operator 

O a = O m = Tr(£ x B)i 
which turns out to be p^Jl5[ | 
Z Qa = 1 + 0.27075 ff 2 . 

(The lattice value is 1 + 0.296085 2 for £ = 0.) The 
mall difference of Zo a and Zo b is due to non-0 (4) 
invariant contributions. 
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